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Abstract. The spatial distribution of second harmonic generation (SHG) signal from collagen fibers for incident
elliptical polarized light has been modeled. The beam was assumed to focus on a horizontal fiber through a micro-
scope objective. For elliptical polarized states located along a vertical meridian of the Poincare sphere, the SHG
intensity has been optimized in terms of the incident wavelength and the numerical aperture (NA) of the objective.
Our results show that polarization modulates the SHG signal. Elliptical polarization can generate high signals (even
greater than those corresponding to linear polarization) when combined with appropriate values of both incident
wavelength and NA. On the other hand, the SHG intensity might also be identically zero for particular elliptical
polarization states, a condition that depends exclusively on the ratio of hyperpolarizabilities of the collagen fibers.
The highest forward-to-backward SHG signal distribution occurs along the propagating direction, depends on the
incident wavelength, and reduces when NA increases. Furthermore, the direction of maximum SHG emission was
found to be more sensitive to changes in the NA rather than variations in the incident wavelength. These findings
could help to optimize the experimental conditions of multiphoton microscopes and to increase SHG signals from
biological tissues containing collagen. © 2012 Society of Photo-Optical Instrumentation Engineers (SPIE). [DOI: 10.1117/1.JBO.17.4.045005]
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1 Introduction
During the last years there has been an increasing interest in the
use of multiphoton microscopy for biomedical applications. In
particular, second harmonic generation (SHG) imaging is a non-
invasive technique that conserves energy, provides useful
information on microscopic structures, and allows optical
three-dimensional (3-D) sectioning and deep penetration.1,2

Although, it is well known that SHG signal originates from non-
centrosymmetric structures such as collagen,1,3 this nonlinear
process is also sensitive to local anisotropy,4 distribution of
molecular hyperpolarizabilities,5 and phase-matching proper-
ties.6 SHG is a coherent process involving phase-matching con-
siderations whose emission is mainly directed rather than
isotropic. SHG directionality depends on the distribution of
induced dipoles within the focal volume where the nonlinear
process takes place.7 Since momentum conservation provides
a preferred SHG signal in the forward direction (F-SHG)
(i.e., along the incident direction of the laser beam), most non-
linear microscopes adopt this experimental configuration. Clin-
ical applications involving SHG imaging of collagen structures
in animals often require a backward collection geometry
(B-SHG). Moreover, the structure of extracellular collagen
plays an important role in cancerous processes (tumor develop-
ment), aging and wound healing.8 Several works have compared
F-SHG and B-SHG imaging in different specimens containing
collagen, such as endometrium tissue,4 tendons,9,10 corneal
stroma,11,12 skin,6,13 and tumors,14 among others. All these stu-
dies conclude that the SHG imaged structures strongly depend
on the recording configurations of the microscope. On the other

hand, theoretical works discussing the differences between
F-SHG and B-SHG signals have also been reported.10,15

Linear polarized light has been shown to visualize different
features of samples containing collagen, when imaged by means
of SHG microscopy.16–20 Whereas, some experiments and the-
oretical models were restricted to study the effects of incident
linear polarized light on SHG imaging,10,15,21 others have inves-
tigated the use of elliptical polarization to monitor molecular
orientation22 and to analyze the SHG signal from surfaces
and films.23,24 Some studies have also reported the effects of
circular and elliptical polarization on the SHG intensity.25,26

In particular, Schön et al.26 showed that the dichroic mirrors
used in the microscope collection optics can induce high levels
of ellipticity in the incident beam, what leads to severe distor-
tions in the polarization response. These distortions can be
corrected by combining a half-wave plate and a quarter-wave
plate.25

The aim of this work is to model and characterize the spatial
distribution of SHG signal originated from collagen for focused
elliptical polarized light. In Sec. 2 this theoretical model is
developed. As a result, an analytical expression for the SHG
intensity signal I2ω as a function of the incident state of polar-
ization, the fundamental wavelength λω, and the numerical aper-
ture (NA) of the microscope objective is derived. An extensively
numerical analysis of I2ω is described in Sec. 3, while Sec. 4
contains the discussion and the main conclusions of this
work. Moreover, two appendixes with details on the cal-
culation of the dipole moment induced by the incident
electric field (Appendix A) as well as the total radiated
SHG signal in the far field approximation (Appendix B) are
also included.
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2 SHG Intensity Signal for Elliptically Polarized
Light Focused on a Collagen Fiber

Let us consider a beam of elliptical polarized light with funda-
mental frequency ω propagating in the ẑ direction (see Fig. 1)
focusing through a microscope objective with numerical aper-
ture NA ¼ nω sin Θ on a collagen fiber lying along the x̂ direc-
tion. Θ corresponds to the maximum angle at which the light
rays enter the objective, while nω represents the index of
refraction of collagen. The dependence of nω with the funda-
mental wavelength λω of the incident light has been reported
to be27

nωðλωÞ ¼ 1426þ 19476

λ2ω
−
1131066900

λ4ω
; (1)

where λω is expressed in nanometers. The perpendicular
components of the elliptical polarized light Eω;x and Eω;y
can be written as
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where δ is the phase difference between these components,
and kω ¼ ð2πnωÞ∕λω the wave number in a medium with
index of refraction nω. ξ corresponds to the wave-vector
reduction factor that characterizes the phase shift experi-
enced by a Gaussian beam in the vicinity of a focal

center.15,28 For NAs lower than 1.2, ξ can be approximated
by cosðΘ∕ ffiffiffi

2
p Þ. On the other hand, wxy and wz represent the

1∕e radii of the focal ellipse in the lateral and axial direc-
tions, respectively8,10,29

wxy ¼
0.32λω

nω sin Θ
wz ¼

0.53λω
nωð1 − cos ΘÞ : (4)

As shown in Fig. 1, ψ symbolizes the ellipticity of the inci-
dent beam. For the sake of simplicity, the azimuthal angle of the
ellipse of polarization has been chosen to be zero. This light
conditions represent all the possible polarization states located
along the null azimuth meridian on the Poincare sphere, what is
consistent with sets of experimental polarization states provided
by liquid-crystals.30 This assumption will notably simplify our
theoretical model since each component of the incident field
Eω;x and Eω;y induces an SHG dipole moment along the collagen
fiber (x̂ direction). Appendix A explicitly shows that the dipole

moments μðxÞ2ω;x and μðyÞ2ω;x induced by the electric fields Eω;x

and Eω;y can , respectively be expressed as

μðxÞ2ω;xðx; y; zÞ ¼
1

2
E2
ω;xβxxx; (5)

μðyÞ2ω;xðx; y; zÞ ¼
1

2
E2
ω;yβxyy; (6)

where βxxx and βxyy correspond to the first hyperpolarizabil-
ities contributing to the SHG field. Adding both quantities,
the expression for the total SHG dipole moment will be

μ2ωðx; y; zÞ ¼ μðxÞ2ω;xðx; y; zÞ þ μðyÞ2ω;xðx; y; zÞ

¼ 1

2
ðE2

ω;xβxxx þ E2
ω;yβxyyÞ: (7)

This SHG dipole moment is directly related to the SHG far
field ~E2ω radiated in the ðθ;φÞ direction15,28,31,32

~E2ωðΨÞ ¼ η~μ2ω sinðΨÞ exp½−i~k2ω · ~r�Ψ̂; (8)

where η ¼ ω2∕πϵ0c2 and Ψ̂ represents the angle between the
x̂ axis of the collagen fiber and the direction of emission ~r of
the SHG field. ϵ0 is the free-space permittivity, c the vacuum
speed of light, and k2ω ¼ ð2πn2ωÞ∕λ2ω the wave number for
the SHG signal.

The total radiated SHG signal in the far field approximation
is obtained by integration from all scatterers that have a dipole
volume density defined by Nv

15 (see Appendix B)
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8
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�
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ω;xÞ2βxxx þ ðEð0Þ

ω;yÞ2βxyy exp½i2δ��; (9)

with ξ 0 ¼ ξðnω∕n2ωÞ.
Therefore, the SHG intensity signal I2ω can be written in

terms of the electric field as

Fig. 1 A beam of elliptical polarized light with fundamental frequency
ω, propagating in the ẑ direction, focusing through a microscope objec-
tive with numerical aperture NA on a collagen fiber lying along the x̂
direction.
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where V is the active SHG volume31
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� ffiffiffi

π

2
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w2
xywz: (11)

From Fig. 1 the perpendicular components of the incident
amplitude Eð0Þ

ω can easily be expressed as

Eð0Þ
ω;x ¼ Eð0Þ

ω cos ψ Eð0Þ
ω;y ¼ Eð0Þ

ω sin ψ ; (12)

then, Eq. (10) reduces to
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Equation (13) shows how the SHG signal explicitly depends
on the ellipticity of the incident beam, ψ . Since the phase δ is
equal to �π∕2 for the elliptical polarized light here used (zero
azimuth),30 the final expression for the SHG intensity signal will
be

I2ωðψ ; r; θ;φÞ
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�
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2
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2
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�
;

(14)

where Iω ¼ ð1∕2Þnωϵ0cjEð0Þ
ω j2 corresponds to the intensity

of the incident beam.
It can be noticed that the last term in Eq. (14) contains the

polarization contribution to I2ω via the ellipticity of the incident
beam ψ . This factor must be taken into consideration for a com-
plete description of the SHG intensity, as it will be shown in
detail in the next section.

3 Analysis of the SHG Intensity Signal
Once our general expression of the SHG intensity signal I2ω for
elliptically polarized light has been obtained, a numerical ana-
lysis of this magnitude as a function of different parameters,
such as the polarization state of the incident beam, the incident
wavelength λω, and the NA of the microscope objective will be
carried out.

3.1 Polarization Dependence of I2ω

As above noticed, the analytical expression for I2ω [Eq. (14)]
includes a factor involving the polarization state of the incident
light (elliptically polarized in general). Figure 2 shows the
strong dependence of the SHG intensity on the ellipticity ψ of
the incident light. Both F-SHG IðFÞ2ω (i.e., −π∕2 < θ < π∕2) and
B-SHG IðBÞ2ω (i.e., π∕2 < θ < 3π∕2) signals are plotted versus
the polar coordinates ðθ;φÞ for four different polarization states
(linear horizontal (H), right-handed elliptical with ellipticity
30 deg (ER;30 deg), right-handed circular (CR) and linear vertical
(V). Since there exist several orders of magnitude between
F-SHG and B-SHG, IðBÞ2ω has been plotted in logarithmic
scale, for the sake of clarity. For these plots, λω and NA
were chosen to be 700 nm and 1.2, respectively. The refractive
indexes corresponding to the SHG signal n2ω and the incident
light nω were computed by using Eq. (1) (1.509 and 1.461,
respectively). The term f½I2ωn2ωðNvVÞ2�∕ð2n2ωϵ0cÞg × ðη∕rÞ2
was normalized to 1 for simplicity, and the selected value of
the ratio of hyperpolarizabilities ρ ¼ βxxx∕βxyy was 2.6 [ρ has
been reported to range between −3 and 3 (Ref. 33)]. It can
be observed that the maximum F-SHG intensity value occurs
at the polar angle θmax ¼ arccos½ξðnω∕n2ωÞ� where the phase
match condition k2ω cos θ − 2ξkω ¼ 0 is satisfied.10,15 For
both F-SHG and B-SHG components, the SHG signal is max-
imum when the incident-polarized light is linear horizontal H
(i.e., parallel to the collagen fibers’ direction). Unlike expected,
vertical polarization V does not minimize the SHG intensity.
Right-handed circular polarized light (CR) makes the SHG
signal even smaller. This will be analyzed and discussed in
the following paragraphs.

Let us now consider all the possible polarization states
located along the meridian with null azimuth on the Poincare
sphere. In this sense, Fig. 3(a) presents the maximum F-SHG
intensity values IðFÞ2ω;max as a function of the ellipticity of the inci-
dent beam ψ . The four polarization states described in Fig. 2
have also been labeled as well as the left-handed circular polar-
ization state (CL). In particular, when ψ equals 58.2 or
121.8 deg, the SHG intensity IðFÞ2ω;max is identically zero, a
fact that reveals the importance of the incident polarization
state on the SHG signal. As expected, H polarized light yields
a maximum IðFÞ2ω;max value (see again Fig. 2). This SHG intensity
is reduced when moving along the selected meridian on the
Poincare sphere.30 Figure 3(b) depicts the corresponding max-
imum values for F-SHG and B-SHG signals in logarithmic scale
for direct comparison. It is observed that both curves have simi-
lar shapes with different orders of magnitude.

After analyzing the results shown in Fig. 3, a question
arises: could I2ω become identically zero by solely modify-
ing the polarization state of the incident light? In order to
answer this question, the roots of Eq. (14) were analytically
computed. I2ω vanishes for the following values of the ellip-
ticity ψ0
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ψ0 ¼ arccosð�1∕
ffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p
Þ: (15)

This expression depends exclusively on the ratio of hyper-
polarizabilities ρ. Accordingly, Fig. 4 plots the values of ψ0

as a function of ρ calculated via Eq. (15). It can be observed
that, for a fixed value of ρ, there exist two ellipticity values
(or equivalently, two polarization states in the meridian
with null azimuth of the Poincare sphere) that vanish
the SHG intensity. The existence of such polarization states
is limited exclusively to values of ρ > −1, as can easily be
deduced from simple inspection of Eq. (15).

3.2 Effects of the Fundamental Wavelength and the
Numerical Aperture on I2ω

Results shown in Figs. 2–4 have been derived for the parameters
λω ¼ 700 nm and NA ¼ 1.2. However, it is also interesting to
investigate how the incident wavelength and the NA affect the
SHG signal for different incident polarization states. In particu-
lar, Fig. 5(a) and 5(b) present two polar diagrams where the

B-SHG signal has been plotted as a function of 2ψ for different
values of the λω and NA, respectively. For a better comparison,
the curves have been normalized to the maximum B-SHG inten-
sity value (λω ¼ 1000 nm and NA ¼ 1.2 for the present case).
As expected, for fixed values of the wavelength and the NA, the
maximum B-SHG intensity occurs for horizontal polarized light
H (what agrees with Figs. 2 and 3). However, for a chosen NA

value, IðBÞ2ω increases with λω, as shown in Fig. 5(a). That is, the
maximum B-SHG intensity value will strongly depend on the
incident wavelength value. As an example, an elliptical polar-
ized light with 2ψ ¼ 15° and λω ¼ 850 nm focusing on a micro-
scope objective with NA ¼ 1.2, will generate a B-SHG signal
1.4 times larger than the signal produced by a horizontal polar-
ized light with λω ¼ 700 nm. From Fig. 5(b), the elliptical

Fig. 2 F-SHG (IðFÞ2ω , left column) and B-SHG (IðBÞ2ω , right column) intensi-
ties versus polar coordinates (θ,φ) for four different polarization states
(linear horizontal (H), right-handed elliptical with ellipticity 30 deg
(ER;30 deg), right-handed circular (CR) and linear vertical (V). The funda-
mental wavelength λω and the NA of the microscope objective have
been chosen to be 700 nm and 1.2, respectively.

Fig. 3 (a) Maximum F-SHG intensity values IðFÞ2ω;max and (b) maximum
F-SHG and B-SHG intensity signals as a function of the ellipticity of
the incident light ψ . Logarithmic scale has been used in Fig. 3(b) for
a better comparison. CL indicates left-handed circular polarized light.

Fig. 4 Ellipticity values ψ0 versus the ratio of hyperpolarizabilities
ρ calculated via Eq. (15). For a fixed ρ there exist two possible values
of ψ0, which correspond to two different states along the meridian of the
Poincare sphere with azimuth zero.
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polarized light above cited will also generate a B-SHG signal 3.4
times larger than the corresponding H polarized light with
an NA of 1.0. As a direct consequence, optimized values of
the B-SHG signal can be achieved by using elliptical light com-
bined with appropriate values of NA and λω. Similar results have
been found for the F-SHG intensity signal (not included in this
work) so, these conclusions can also be extended to this SHG
collection geometry.

On the other hand, from Eq. (14) it can easily be noticed that

the F/B SHG ratio IðFÞ2ω ∕I
ðBÞ
2ω does not depend on the polarization

state of the incident light (the last term cancels out). So, the
effects of the incident wavelength λω (i.e., chromatic dispersion)
on the F/B SHG ratio have been investigated. Figure 6 shows
the spatial distribution (expressed in polar coordinates (θ;φ))
of the F/B ratio for three different λω values. For this plot,
NA and ρ were chosen to be 1.2 and 2.6, respectively. It can
be observed that the maximum F/B SHG ratio occurs along
the propagating direction ẑ, that is, for θ ¼ 0. Moreover, the
comparison of the F/B SHG spatial distributions for different
λω shows an increase of several orders of magnitude for higher
values of λω.

The effects of the NA on the F/B SHG ratio are presented in
Fig. 7. The plot represents the IðFÞ2ω ∕I

ðBÞ
2ω spatial distribution for

three different NA values. In this case, λω ¼ 850 nm and
ρ ¼ 2.6. It can be observed that the NA of the microscope objec-
tive plays a fundamental role in the detected SHG signal. In par-
ticular, as the NA increases the spatial distribution spreads, and
the F/B SHG ratio (which is always maximum along the direc-
tion of light propagation) decreases several orders of magnitude.

It is also worth while to study how the angle of maximum
SHG intensity θmax ¼ arccos½ξðnω∕n2ωÞ� (which is independent
on the ratio of hyperpolarizabilities ρ) depends on both λω and
NA. In this sense, Fig. 8(a) plots the polar angle θmax as a func-
tion of the NA for λω ¼ 850 nm. These results show that,
although θmax occurs always at forward propagation angles
(i.e., −π∕2 < θ < π∕2), it separates from the propagating direc-
tion ẑ as the NA increases. In Fig. 8(b) this polar angle is repre-
sented versus the incident wavelength for NA ¼ 1.2. We can
conclude that the influence of the NA is stronger than the dis-
persion effects due to changes in the fundamental wavelength
λω. In particular, for the conditions here considered, when
NAvaried from 0.9 to 1.2, the angle of maximum SHG intensity
θmax increased 65%. However this angle only increased 4%
when λω moved from 700 to 1000 nm.

Fig. 5 B-SHG intensity IðBÞ2ω;max as a function of 2ψ for different values of (a) the incident wavelength λω (700, 850, and 1000 nm) and (b) the numerical
aperture NA (1.0, 1.1, and 1.2). The results have been normalized to the maximum value of the B-SHG intensity (λω ¼ 1000 nm and NA ¼ 1.2, in our
case) for a better comparison.

Fig. 6 F/B SHG intensity ratio IðFÞ2ω∕I
ðBÞ
2ω versus the polar coordinates ðθ;φÞ

for three different values of the fundamental wavelength λω (grey:
700 nm, dark grey: 850 nm, and black: 1000 nm).

Fig. 7 Spatial distribution of the F/B SHG intensity ratio for different
numerical aperture values (grey: 1.2, dark grey: 1.1, and black: 1.0).
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4 Discussion and Conclusions
A theoretical model to calculate the spatial distribution of I2ω in
collagen fibers for focused elliptical polarized light has been
developed. A general expression involving the polar coordinates
ðθ;φÞ, the incident wavelength λω, the NA of the microscope
objective, and the ellipticity of the incident beam ψ has been
obtained. For the sake of simplicity, collagen fibers were con-
sidered lying along the x̂ direction. Under this assumption the
spatial distribution was found to be anisotropic (see Fig. 2) for
both F-SHG and B-SHG signals, although, the modulation of
this anisotropy strongly depended on the incident polarization
state. For fixed values of λω and NA, the SHG signal presented
maximum values for H linear polarized light (i.e., parallel to the
direction of the collagen fibers) as shown in Figs. 2 and 3. This
result is consistent with previously published work on SHG
intensity signal for linear polarized light.15 Unlike expected,
vertical polarization does not minimize the SHG intensity,
since CR light makes this magnitude even smaller (see Fig. 3).
However, I2ω might also be identically zero for particular values
of the ellipticity ψ0 of the incident polarized light [see Eq. (15)].
This occurs when ψ0 ¼ arccosð�1∕

ffiffiffiffiffiffiffiffiffiffiffi
1þ ρ

p Þ, a condition that
depends exclusively on the ratio of hyperpolarizabilities ρ
(Fig. 4). This fact must be taken into account when optimizing
the SHG signal originated from a particular collagen sample.
Incident polarization states must be “far away” from those
verifying this condition. The effect of λω and the NA of the
microscope objective on the SHG intensity, besides its depen-
dence on the incident polarization state, has also been investi-
gated in detail. In general, for a fixed polarization state, the
higher the values of the incident wavelength and the NA, the
higher the SHG signal. Moreover, elliptical polarized light
can produce SHG signals higher than those corresponding to
H polarization when combined with appropriate values of
both λω and NA (see Fig. 5).

Multiphoton microscopy can be used in both F and B con-
figurations. It has been experimentally shown that SHG micro-
scopy images of tissues containing collagen are seen differently
depending on the collection geometry used (forward or back-
ward).10,11,17 Having this into account, an in-depth analysis of
the spatial distribution of the F/B SHG ratio has also been car-
ried out. In particular, this distribution presents a maximum
value along the propagating direction (θ ¼ 0) and significantly
increases with the fundamental wavelength λω (Fig. 6). This is
an important fact that has previously been addressed by different
authors.12,34 On the other hand, as the NA increases, the spatial
distribution spreads and the F/B SHG ratio decreases several
orders of magnitude, as shown in Fig. 7. This corroborates

the fundamental role played by the NA of the microscope objec-
tive in SHG detection.

Stoller et al. reported a study on the dependence of the
F-SHG peak with the incident wavelength.35 They obtained
an increase of the normalized SHG peak signal with the NA,
without taking into account the spatial resolved dependence.
In a theoretical study, Chang and co-workers explored the com-
bination effect of incident linear polarized light and the NA15.
They reported that for NA < 0.4, the total SHG signal did not
depend on polarization. However for higher values of NA there
is a nonlinear dependence, which is particular for each polariza-
tion state. Since the present work explores the F/B SHG, the
influence of the polarization state cancels out, as can easily
deduced from Eq. (14).

Our numerical results have finally showed that independently
of λω and NAvalues, the angle of maximum SHG intensity θmax

always occurs at forward propagation angles. This will benefit
the microscopes with forward experimental configurations.
Furthermore, the influence of the NA on this angle is stronger
than the dispersion effects due to changes in the fundamental
wavelength (see Fig. 8).

SHG imaging of tissues composed of collagen is a topic
of great interest in Biomedicine. As already reported, polariza-
tion dependence of the SHG signal can be used to increase the
contrast in collagen SHG imaging,16 to obtain information
unreachable with intensity-based SHG microscopy17,36 or to
explore the sources of SHG signal within the specimen,20,21

among others. The analysis of biological collagen-made struc-
tures with a noninvasive tool is important to understand and/or
to monitor the effects of injury, healing process, surgery, pathol-
ogies, and thermal damages. The results reported here provide
detailed information on how polarization can be used to opti-
mize the SHG signal. Moreover, the analysis of the effects
of both NA and incident wavelength might also be used to
maximize the signal recorded with a multiphoton micro-
scope. In particular, the implementation of these findings into
SHG imaging devices would help to reduce the power of the
incident laser beam in order to minimize photodamage,
which is an issue in experiments with both ex-vivo and living
tissues.

Appendix A: Dipole Moment Induced by the
Incident Electric Field
In the particular case of a linear polarized beam at an angle α
with respect to the collagen fiber (x̂ direction), the SHG dipole
moment can be written as15

Fig. 8 Angle of maximum SHG intensity signal θmax versus (a) the numerical aperture NA (λω ¼ 850 nm) and (b) the incident wavelength λω (NA ¼ 1.2).
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~μ2ωðx; y; zÞ ¼
1

2
~E2
ωðx; y; zÞ ×

 
βxxx cos

2 αþ βxyy sin
2 α

βxyy sin 2α
0

!
.

(16)

Taking into account that the component Eω;x of the incident
field is linear polarized with α ¼ 0, Eq. (16) yields

~μðxÞ2ωðx; y; zÞ ¼
1

2
~E2
ω;xðx; y; zÞ ×

 βxxx
0

0

!
: (17)

This expression reveals the absence of SHG dipole compo-
nents in ŷ and ẑ directions. For this reason, the vectorial char-
acter of ~μðxÞ2ω and ~Eω;x can be omitted and the SHG dipole
moment induced by the electric field Eω;x can be written as
[see Eq. (5)]

μðxÞ2ωðx; y; zÞ ¼
1

2
E2
ω;xðx; y; zÞβxxx: (18)

Equivalently, the component of the incident field Eω;y is also
linear polarized with α ¼ π∕2, so Eq. (16) turns into

~μðyÞ2ωðx; y; zÞ ¼
1

2
~E2
ω;yðx; y; zÞ ×

 βxyy
0

0

!
; (19)

and the SHG dipole moment induced by Eω;y can be
expressed as [see Eq. (6)]

μðyÞ2ωðx; y; zÞ ¼
1

2
E2
ω;yðx; y; zÞβxyy: (20)

Appendix B: Total Radiated SHG Signal in
the Far Field Approximation
The SHG far field is given by Eq. (8)

~E2ωðΨÞ ¼ η~μ2ω sinðΨÞ exp½−i~k2ω · ~r�Ψ̂; (21)

where, as mentioned, η ¼ ω2∕πϵ0c2, Ψ represents the angle
between the x̂ axis and the emission direction ~r of the SHG
field and sinðΨÞ ¼ ðsin2 θ sin2 φþ cos2 θÞ1∕2. The total
radiated SHG signal in the far field related to the SHG dipole
moment μðxÞ2ω is the integrated one from all scatterers that have
the dipole volume density defined by Nv. In polar coordi-
nates, EðxÞ

2ω;xðθ;φÞ can be expressed as15

EðxÞ
2ω;xðθ;φÞ ¼

ηNv

r
ðsin2 θ sin2 φþ cos2 θÞ1∕2

×
ZZZ

dxdydz
1

2
ðEð0Þ

ω;xÞ2βxxx

× exp

�
−2

x2 þ y2

w2
xy

− 2
z2

w2
z
þ 2iξkωz

�

× exp½−ik2ωðz cos θ þ y sin θ sin φ

þ x sin θ cos φÞ�; (22)

where Eq. (2) has been used for the calculation of the inci-
dent electric field Eω;x. Upon integration of Eq. (22) in x, y,

and z directions from negative infinite to positive infinite, the
total radiated SHG signal EðxÞ

2ω;x, is given by15

EðxÞ
2ω;xðθ;φÞ¼

1

2

�� ffiffiffi
π

2

r �
3

w2
xywz

�
Nv

η

r
ðsin2θsin2φþcos2θÞ1∕2

×exp
�
−
k22ω
8

ðw2
xy sin

2θþw2
z ðcos θ−ξ 0Þ2Þ

�

×ðEð0Þ
ω;xÞ2βxxx; (23)

where ξ 0 ¼ ξðnω∕n2ωÞ.
Similarly, via Eq. (3), the following expression for the total

radiated SHG signal in the far field related to the SHG dipole
moment μðyÞ2ω can be obtained

EðyÞ
2ω;xðθ;φÞ¼

1

2

�� ffiffiffi
π

2

r �
3

w2
xywz

�
Nv

η

r
ðsin2θ sin2φþcos2θÞ1∕2

×exp
�
−
k22ω
8

ðw2
xy sin

2θþw2
z ðcosθ−ξ

0 Þ2Þ
�

×ðEð0Þ
ω;yÞ2βxyy exp½i2δ�: (24)

Finally, the expression for the total SHG signal E2ω;x is
obtained by adding Eq. (23) and (24)

E2ω;xðθ;φÞ¼
1

2

�� ffiffiffi
π

2

r �
3

w2
xywz

�
Nv

η

r
ðsin2θsin2φþcos2θÞ1∕2

×exp
�
−
k22ω
8

ðw2
xy sin

2θþw2
z ðcos θ−ξ 0Þ2Þ

�

×½ðEð0Þ
ω;xÞ2βxxxþðEð0Þ

ω;yÞ2βxyy exp½i2δ��: (25)
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